
TEMPERATURE AND RELAXATION DIFFERENCE FOR A MAGNETICALLY ACTIVE PLASMA IN 
THE QUASI-LINEAR APPROXIMATION TAKING COLLISIONS INTO ACCOUNT 

G. Z. Machabel i  

Zhurnal  P r ik l adno i  Mekhaniki  i Tekhnieheskoi  F iz ik i ,  Vol. 10, No. 2, pp. 47-51 ,  1969 

An equation is de r i ved  for  longitudinal  waves in a p l a s m a  in a cons tant  magnet ic  f ield in the q u a s i - l i n e a r  
approx imat ion  with account for  co l l i s ions .  The contr ibut ion  made by the in te rac t ion  of waves with resonan t  
p a r t i c l e s  to the t e m p e r a t u r e  r e l axa t ion  of the two-component  p l a s m a  is  ca lcula ted .  The d i f fe rence  between 
the e l e c t r o n  and ion t e m p e r a t u r e s  is  found for  the s teady  s ta te ,  as  is  the d i f fe rence  between the 
t e m p e r a t u r e  components  pe rpend icu la r  and p a r a l l e l  to the magnet ic  f ield for  p a r t i c l e s  of one kind in the 
e l e c t r i c  f ield of the wave. 

1. The q u a s i - l i n e a r  approx imat ion ,  of i n t e r e s t  for  s l igh t ly  turbulent  phenomena,  d e s c r i b e s  effects  which have 
been i n t e rp re t ed  as  the in te rac t ions  of r e sonan t  p a r t i c l e s  with waves  for  the ca se  in which the p l a s m a - o s c i l l a t i o n  
energy  is much s m a l l e r  than the r andom-mot ion  energy  of the p a r t i c l e s  and much g r e a t e r  than the t h e r m a l - n o i s e  
ene rgy  in the co l l ec t ive  d e g r e e s  of f reedom.  

In this  pape r  we cons ide r  the q u a s i - l i n e a r  approx imat ion  for  a magne t i ca l ly  ac t ive  p l a s m a  t ak ingeo l l i s i ons  
among charged  p a r t i c l e s  into account .  The condit ion 

H ..~ 2c (grnan, a)V~ (1.1) 

is imposed  on the magnet ic  f ie ld ,  where  n a is the number  of p a r t i c l e s  of type a pe r  unit volume. Condit ion (1.1) means  
that  the L a r m o r  r ad ius  for  p a r t i c l e s  of type a is  much g r e a t e r  than the Debye r ad iu s  for the same  pa r t i c l e s .  The 
effect  of the magnet ic  f ield on p a r t i c l e  co l l i s ions  can thus be neglected.  

In t r ea t ing  equations with a s e l f - cons i s t en t  f ield,  we can s ingle  out two ranges :  the shor twave  range (the co l l i s ion  
range) and the long-wave range  (the r ad ia t ion  range) [1]. The shor twave  range  was neglec ted  in the q u a s i - l i n e a r -  
approx imat ion  t r e a t m e n t  in [1] s ince  sho r t -wave  exci ta t ions  a r e  r ap id ly  damped in the s e l f - c o n s i s t e n t - f i e l d  
approximat ion .  To account for  both the s e l f - c o n s i s t e n t  f ield and d i s s ipa t ive  ef fec ts ,  however,  we follow [2], bas ing 
the d i s cus s ion  on equations in which both the s e l f - c ons i s t e n t  f ie ld and co l l i s ions  a r e  taken into account.  

F o r  a magne t i ca l ly  ac t ive  p l a s m a  we have 

Of a Of a Of a e a O] a 
0---?--~ v--~-q -k eE 0-~--~-/-  [vH] ~ = S a .  (1.2) 

We b reak  up the p a r t i c l e  d i s t r ibu t ion  function in the following manner :  

/a =/0a +1,~, (1.3) 

where  foa is  the s lowly changing d i s t r ibu t ion  function and f t  a is  the r ap id ly  changing d i s t r ibu t ion  function. Impos ing  the 

condit ion 

maC)a0) 

on the ave r age  f ie ld ,  and subst i tu t ing  (1.3) into (1.2), we find two equations for the "background" and the npulsat ion:"  

Ot" -]- V q- <eE q_ e [viii ~ = S0a, (1.4) 

ot- ~ + ~ [vH] + eE = S,~ (1.5) 
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[the angle  b r a c k e t s  in the th i rd  t e r m  of (1.4) denote  an a v e r a g i n g  o v e r  the r a p i d  pu lsa t ions] .  H e r e  S0a is  an i n t e g r a l  
which describes the collisional contribution to the "background" distribution function and which is written in the 

Landau form for a Coulomb plasma; Sin, the collision integral for the rapidly changing distribution function, is written 

in the following manner [2]: 

81a = ~ a  ( V ) / l a  " (1.6) 

Here Ua(V) is the reverse relaxation time due to collisions contributing to the rapidly changing part of the distribution 

function, and Va(V) is a function of the velocity; for a slightly nonequilibrium plasma, however, we assume Pa to be an 
average over momenta of the effective collision frequency, given for cold plasmas in [3,4]. For a hot plasma we 

assume v a is some parameter approximately equal to the electron-ion collision frequency. 

We can use Eq. (1.6) to solve Eq. (1.5); carrying out a Fourier coordinate and time transformation of this 

solution and converting to the cylindrical coordinates (v x = v• cos q~, Vy = v• sin ~, v z = Vz; k x = k t cos 4, ky = k.L sin r 

k z = kz), we find after some calculation that 

2 I• a x /v~ (% k, p~) e,~ , co -- k v z -- ne,~ + ~;= 
n~--oo [ o  .oo,o ] (i.7) 

H e r e  ~2 a = e l l /maC,  E = - i k ~ ,  Jn(k•177 a) is  the B e s s e l  funct ion,  and the s u b s c r i p t  • deno tes  a quant i ty  whose  s e n s e  
is  p e r p e n d i c u l a r  to the m a g n e t i c  f ie ld .  

Substituting (1.7) into (1.5), and averaging over the angle ga, we find the isotropie "background" function to be 

O/~ ~ [k 0 nQa (O~a l ~_L>]i I#(k-L~• 
o--7--- ~ . . . .  ~ ~ + ~ k •  + 2 ( ~ -  k ~  - ,~Do)~ + "Z  • 

[ 0  ng2a O ] O/on 
(1.8) 

Equation (1.8) is the solution sought for a Coulombic, magnetically active plasma with an account of collisions in the 
quasi-linear approximation. 

In the d e r i v a t i o n  of the q u a s i - l i n e a r - a p p r o x i m a t i o n  equa t ions  [5, 6], the  p l a s m a - w a v e  p h a s e s  w e r e  a s s u m e d  
r a n d o m  and it was a s s u m e d  that  t he se  p h a s e s  c o r r e l a t e  with each  o t h e r  o v e r  a t i m e  m u c h  s m a l l e r  than the r e l a x a t i o n  
t i m e  of the func t ionf0a .  H e r e ,  as  in [2], we do not  a s s u m e  r a n d o m  p h a s e s ,  and Eq. (1 .8)was  d e r i v e d  fo r  a p lane  wave.  
In the case H = 0, Eq. (1.8) is the same as that obtained in the quasi-linear approximation with account for collisions 
but without a magnetic field [2]. 

2. Landau [7] and Kogan [8] have treated temperature relaxation in a nonisothermal plasma. Only binary 
collisions of particles were taken into account. Ramazashvili et al. [9] have shown that an account of long-range 

interactions between particles and plasma waves makes an important contribution to the temperature relaxation rate 

for a Coulombic plasma. The long-range interactions, like the binary interactions, were incorporated in the collision 
integral in [9], yielding a term describing the interaction of thermal noise with the particles. In this paper, we 

incorporate only binary collisions in the collision integral in Eq. (1.8); we incorporate the interaction between 
resonant particles and plasma waves whose amplitude is consistent with the quasi-linear approximation on the left- 

hand side of the equation. For this purpose, we first find the energy balance equation from Eq. (1.8). 

We write the particle distribution function for particles of type a in the Maxwell form: 

/o~=~,/~v ~.2 exp v 2 ~ , 
az a• az aa.[. 

w h e r e  v a i s  the t h e r m a l  v e l o c i t y  of the p a r t i c l e s .  We m u l t i p l y  Eq.  (1.8) by mav2z/2,  i n s e r t  (2.1), and i n t e g r a t e  o v e r  
dv; the r e s u l t  is  

209 



k- 

m a t ya.i. \ Ya 

I n~a 
+ u/~%~- (xaReW (za) - -  y a I m W  (za))} = I '/~mava~2S~ d v  

where 

t 2 Taz d v  

is the t empera tu re  for par t ic les  of type a; 

2i ~ (t2)dt 1 W ( z . ) = e x p  ( - - z ' ) [ l  +-~ ,~exp  

(2.2) 

is the probabi l i ty  integral;  

is the modified Besse l  function. 

/k  ~V i~ x o) -- n ~  v a ( 4  v ~.i. 
za = Xa + Ya, Xa = - -  ~ Ya - -  - -  and I n 

kzVa z kzVaz ' \ 2g~a / 

For  fur ther  d iscuss ion ,  we cons ider  separa te ly  the two l imi t ing cases  of hot and cold plasmas.  

a. We f i r s t  cons ider  a cold p lasma,  for which 

(o,- n~a)~ >~ i ,  (2.3) 
k z2Y2az 

and in which we as sume  a ra the r  large magnet ic  field: 

k~2Ya~2 . 
~ i. (2.4) 

Because of condit ion (2.4), we can r e s t r i c t  the expansion of the Besse l  function to t e rms  with n = 0. We neglect  
r e sonances  at higher harmonics  n = + 1, +2 . . . . .  

For  the case of a two-component e lec t ron- ion  plasma,  for which T e ~ T i and Taz = T a •  = e, i), we use the 
asymptotic  express ion  for the probabi l i ty  in tegra l  for the case of a large argument;  taking inequality (2.4) into 
account,  we find from (2.2) that 

3 dTe (eO) ~ kz~ 3 T e - -  Ti 
2 dt -- 2m--g~ ve 2 ~ (2.5) 

2 in Here TTei is the t empera tu re  re laxat ion  t ime due to e l ec t ron- ion  col l is ions.  In der iv ing (2.5) we have neglected u a 
compar i son  with o)2. 

The f i rs t  t e rm  on the r ight  of (2.5) descr ibes  the contr ibution to the t empera tu re  change due to the in teract ion of 
the wave with resonan t  par t ic les ;  the second t e rm desc r ibes  the contr ibut ion due to b inary  Coulombic col l is ions  
(e lec t ron- ion  coll is ions) .  

For  the ions we have an equation analogous to Eq. (2.5), except that the quas i - l i nea r  t e rm is a factor of me/m i 
sma l l e r  than the analogous t e rm in Eq. (2.5). Neglecting this t e rm,  we find 

3 dT~. 3 T i - - ' Te  
T 2 dt 2 ~'~e- 

(2.6) 
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Since the damping dec rement  in quas i - l i nea r  theory is smal l  in compar i son  with the wave frequency,  we assume the 
ampli tude of the wave field to be independent of the time. Under this assumption,  we find from Eqs. (2.5) and (2.6), 
using the notation AT(t) = Te(t) - Ti(t), the following express ion  for the re laxat ion of the e lec t ron- ion  tempera tures :  

= = ( 2 . 7 )  
3m8(~ \ \ ~er / /  

Clear ly ,  the contr ibut ion in (2.7) from the in terac t ion  between the wave and the par t ic les  prevents  t empera ture  
relaxation.  This  happens because the wave in terac ts  actively with p lasma e lec t rons ,  while the t r ans fe r  of energy to 
ions by the wave is hindered because of the la rge  ion mass .  

When there  is a constant  source excit ing high-frequency waves, the p lasma re laxes  to a steady state in which 
e lectron heating occurs .  In the steady state,  we have 

(eqJ) ~ kz~ r162 T 
T e -  T~ = 3mo~ (2.8) 

which is the same as the corresponding equation in [10], obtained for a nonmagnetic plasma. The agreement  is a 
consequence of the fact that the magnetic  field has no effect pa ra l l e l  to itself. 

b. For  the case of aho t  p lasma,  for which we have 

kzv~ " ~  o) ~ kzvez (2.9) 

(the subscr ip t  i r e fe r s  to p l a sma  ions), low-frequency waves sat isfying condition (2.4) may propagate in the plasma.  
For  such waves we have 

3 dT, g,[= kz~ (e$) ~ o~ _ 3 Te --  T~ 
2 dt rn6kzSVez s 2 ~:~ 

3 dTi kz~(effJ):v.~ 3 T i - -Te  
T 2 dt 2mio)~ 2 Te i 

(2.10) 

Equations (2.10) descr ibe  the re laxat ion of the e lec t ron- ion  t empera tu res  in the following manner :  

A r  (t) = ~ r  (t = 0) e x p  (-- _-~ + 
\ Tei/ 

For  waves sat isfying condition (2.9), therefore,  the p lasma re laxes  to a steady state with an effective e lec t ron 
t empera tu re  

T e = T~ + y\~2 [ ~'/'(a ~ + ~ ) k z , ( e ( I ) ) , . r ~  . (2.12) 

For  a nonisotropic  t empera tu re  dis t r ibut ion,  i . e . ,  when Taz ~ Ta• , T e = T i = T, we find the following for high- 
frequency waves sat isfying Eqs. (2.3) and (2.4), under  the assumpt ion IT• - Tzl << T: 

T~ - -  T• -- m co~ ' v = T \ - - ~ /  ~--Z- 

It follows that the z- th  t empera tu re  component inc reases .  The inc rease  in T• is due to the smal l  pa rame te r  (2.4), and 
we neglect  it, 

Significantly,  the effect of col l is ions contr ibut ing to the rapidly changing par t  of the e lec t ron d is t r ibut ion  
function is s ignif icant  only in the high-frequency case. 

In conclusion,  the author thanks Yu. L. Klimontovich for suggesting the topic, and L. M. Gorbunov, V. V. 
Logvinov, and R. R. Ramazashvi l i  for in te res t  in the study. 
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